We show that the entanglement between inner and outer particles, with respect to the event horizon, is the microscopic origin of the black hole entropy. Due to the non-unitarity of the mapping between the vacua in the flat and the curved frames, this entanglement is very robust. The holographic nature of the entropy is recovered in a quantum field theoretical setting, and it is shown that, at microscopic level, the responsible for the dimensional reduction of the degrees of freedom is the Hawking effect.
I. INTRODUCTION
Black hole quantum physics nowadays is the most promising theoretical laboratory to test fundamental ideas about nature. Some of the most fascinating issues arising in the struggle to understand black hole quantum physics are: the origin of the entropy of a black hole, the holographic paradigm, the paradox of the information loss. All of them are related to what seems to be a deep and fundamental problem: the counting of the relevant degrees of freedom. Of course, all those paradoxes and difficulties originate from the absence of a reliable quantum theory of gravity. Hence a better understanding of them could shed some light on the long-standing problem of quantizing gravity.
By using thermodynamical arguments, Bekenstein obtained that the entropy of a black hole is proportional to the area of the event horizon [1] , S ∼ A , (I. 1) and not to the volume, as for ordinary matter.
His derivation left open the crucial question of the microscopic explanation of such a result. By considering a quantum scalar field in the presence of the gravitational field, treated as a classical background described by general relativity [2] , Hawking showed that quantum effects lead to thermal evaporation of black holes [3] , with a temperature given by
where κ = (2GM) −1 is the surface gravity of the black hole. Through the paper we shall use the natural unitsh = c = k B = 1.
Hawking effect seems to be more fundamental than the theory within which it has been derived (see for instance [4, 5] ), nonetheless it is surely associated with the existence of an horizon in the space-time, thus Schwarzschild and other background space-times have been extensively investigated. A case in point is the Rindler space-time [6] , that is a flat space-time with an horizon, associated with a uniformly accelerated observer in Minkowski space-time [7] [8] [9] .
A basic point in Hawking's original proposal [3] , is that the evaporation of black holes through quantum radiation induces non-unitary evolution of quantum fields. This gives raise in turn to the intriguing puzzle that information can be lost. The traditional quantum field theoretical approach is expected to fail to describe these phenomena, being based on the unitarity. In other words, if black holes' evaporation has to be described in quantum field theory, then the request of unitarity, deeply rooted in the conventional approach, has to be relaxed. Another widely believed pitfall of the conventional quantum field theory is that it takes into account volumetric degrees of freedom, hence it could not be a good candidate as the microscopic theory behind Bekenstein's "holographic" result.
In this paper we shall show that a careful use of quantum field theory accounts for an explanation of the origin of the black hole entropy, and of the holography. We propose that the microscopic origin of the black hole entropy is the entanglement between quantum modes of the scalar field living in two space-like separated regions. The latter case is a situation naturally realized in the presence of black holes, due to the event horizons. Our approach is based on the construction of an entropy operator directly from the condensate structure of the quantum vacuum. The main steps involved are two: first, we realize that the vacuum state of a Minkowskian observer |0 M is seen as a condensate of entangled modes by a generic observer, and there is no unitary transformation to disentangle |0 M ; second, we construct the von Neumann entropy operator from this vacuum and investigate its properties.
Some preliminary results in this direction already appeared while investigating more general features of field quantization in curved back-grounds [10, 11] . Here we shall fully exploit the entropy operator and the non-unitary nature of the entanglement to obtain that: i) the entropy of a black hole is fully explained by the vacuum entanglement; ii) the holographic reduction of the degrees of freedom in this field theoretical setting is a direct consequence of the Hawking effect (Unruh effect in the case of Rindler space-time).
The role of the entanglement entropy as a candidate for the black hole entropy has been long investigated [12] [13] [14] . There are, of course, many alternative approaches to explain the microscopic origin of the black hole entropy: the value of the Euclidean action [15] , the rate of pair creation of black holes [16] , the Noether charge associated with a bifurcating Killing horizon [17] , or the central charge of the Virasoro algebra [18] . In the framework of string theory, a microscopic derivation has been obtained in Ref. [19] for D-brane model, and in Ref. [20] for M-theory (see also Ref. [5] for a review), whereas in loop quantum gravity this investigation has been carried out in Ref. [21] .
The paper is organized as follows: In Sec. II we recall the main features of the quantization of a complex scalar field in curved space-time. In Sec. III we analyze the structure of the quantum vacuum, we show that it is a condensate of infinite entangled particles living in the two space-like separated regions, and we comment on the non-unitarity of the mapping between the vacua in the flat and the curved frames. In Sec. IV the entropy operator is eventually constructed and studied. We then show in which sense its correct vacuum expectation is an entangled entropy. The applications of the obtained results to the Schwarzschild space-time is the argument of Sec. V. There we give our microscopic interpretation of the holographic nature of the entropy for a black hole. Conclusions are drawn in Sec. VI. In Appendix A we present some details of the derivation of the entropy operator, and in Appendix B the Rindler space-time is investigated.
II. QUANTIZATION OF SCALAR FIELDS IN CURVED SPACE-TIME
In this Section we recall the main steps of the quantization of scalar fields in a curved background [2, 3, [7] [8] [9] 11] . Consider a complex massive scalar quantum field φ(x) in the Ddimensional Minkowski space-time, with Lagrangian density
As usual, φ(x) can be decomposed in Minkowski modes {U k (x)}, orthonormal with respect to the Klein-Gordon inner product defined as (φ 1 , φ 2 ) = i φ * 1 
with k = (k 1 , k). The quantum Hamiltonian is then given by
where
are the annihilation and creation operators, respectively, for particles (antiparticles). They act on the Hilbert-Fock space H, the Minkowski vacuum being defined by
and satisfy the usual canonical commutation relations (CCRs)
Let us now recall the key features of the quantization of the same scalar field φ(x) in curved space-times. One expands the field in terms of the complete set (with respect to KleinGordon product) of functions {u
p (x)}, where p = (Ω, k), and the symbol σ = ± takes into account the fact that the space-time has an horizon, so that it is divided into two causally disconnected regions: the internal and external regions of the Schwarzschild geometry, the two Rindler wedges, etc.. The functions {u 
where the operators b
p are assumed to satisfy the usual CCRs. By introducing the operators [9] 
and similarly ford
} is a complete set of orthogonal functions, the operators b
p can be expressed in terms of the Bogolubov transformations [2, 9] 
, and the generator of the transformations is
At finite volume G(ǫ) is a unitary operator:
M . On the other hand, the operators b
In what follows we shall keep the short-hand notation:
M , and |0(ǫ) ≡ |0 (+) (ǫ) ⊗ |0 (−) (ǫ) . The parameter ǫ in Eqs. (II.7) and (II.8) is given by
where T is related to the surface gravity of black holes, in the case of Schwarzschild geometry [3] , or to the acceleration, in the case of Rindler geometry [8] . One can also show that the total Hamiltonian is given by [3,2,7-9,11]
where we chose not to normal-order, as some considerations on the entropy will be clearer in this setting (see Sec. V). Let us also note that the vacuum |0(ǫ) does depend on the temperature T , hence depends on the physical parameters that characterize the background. 
labelled by ǫ. In our approach the structure of the vacuum, and of course of the Hilbert space, is crucial. We shall dedicate the next Section to the investigation of their physical properties.
III. VACUUM STRUCTURE AND ENTANGLEMENT
The relation between the spaces H and H ǫ is established by the generator G(ǫ): H → H ǫ , or by its inverse G −1 (ǫ): H ǫ → H. The physical meaning of this freedom is that we can arbitrarily choose to express Minkowskian quantities in terms of generic ǫ-quantities, or the other way around. We choose, for instance, to express the Minkowskian vacuum in terms of the generic ǫ-vacuum
This relation holds only at finite degrees of freedom, i.e. finite volume. Note that G(ǫ) is an element of 1 SU(1, 1) × SU(1, 1). Of course the same structure arises by writing G −1 (ǫ) 1 To be more precise, for each mode, we have the direct product of two two-boson realizations of
, for all the generators T . This is seen by defining
in terms of the bs, all one has to do is to replace d → b in the Eq. (II.9). Thus by using the Gaussian decomposition, the Minkowski vacuum can be expressed as a SU(1, 1) × SU(1, 1) generalized coherent state [22] of Cooper-like pairs
where Z = p cosh 2 ǫ(p). In the continuum limit in the space of momenta, i.e. in the infinite-volume limit, the number of degrees of freedom becomes uncountable infinite, hence we have
where V is the volume of the whole (D − 1)-dimensional space. This means that the Hilbert spaces H and H ǫ become unitarily inequivalent in the continuum limit. In this limit ǫ labels the set {H ǫ , ∀ǫ} of the infinitely many unitarily inequivalent representations of the CCRs [23] .
Let us now discuss the entanglement of the vacuum |0 M in (III.2), that we rewrite in the following convenient form
where, we denote by |n
a state of n particles and m antiparticles in whichever sector (σ). Note that for the generic n th term, the state |n
pn ,0 , and similarly for antiparticles.
By introducing a well known notation, ↑ for a particle, and ↓ for an antiparticle, the two-particle state in (III.5) can be written as
which is an entangled state of particle and antiparticle living in the two causally disconnected regions (±). The generic n th term in (III.5) shares exactly the same property as the twoparticle state, but this time the ↑ describes a set of n particles, and ↓ a set of n anti-particles. The mechanism of the entanglement, dynamically induced by gravitational effects, takes place at all orders in the expansion, always by grouping particles and antiparticles into two sets. Thus the whole vacuum |0 M is an infinite superposition of entangled states
with 0 < W n < 1 and
The coefficients √ W n of the expansion in Eq. (III.5) appear also in the discussion about the entropy of the black hole on which we shall concentrate in the following Sections. Details of calculations can be found in Appendix A.
Of course, the probability of having entanglement of two sets of n particles and n antiparticles is W n . At finite volume, being W n a decreasing monotonic function of n, the entanglement is suppressed for large n. It appears then, that only a finite number of entangled terms in the expansion (III.7) is relevant. Nonetheless this is only true at finite volume (the quantum mechanical limit), while the interesting case occurs in the infinite volume limit, which one has to perform in a quantum field theoretical setting.
The entanglement is generated by G(ǫ), where the scalar field modes in one sector (σ) are coupled to the modes in the other sector (−σ) via the parameter ǫ(p), which takes into account the effects of the background gravitational field (environment) [11] . We stress that the origin of the entanglement is the environment, in contrast with the usual quantum mechanical view, which attributes to the environment the loss of the entanglement. In the present treatment such an origin for the entanglement makes it quite robust.
One further reason for the robustness is that this entanglement is realized in the limit to the infinite volume once and for all, since then there is no unitary evolution to disentangle the vacuum: at infinite volume one cannot "unknot the knots". Such a non-unitarity is only realized when all the terms in the series (III.7) are summed up, which indeed happens in the V → ∞ limit.
Summarizing, the interaction with the environment and non-unitarity, are the basis for the generation and the stability of the entanglement. These two features are entirely due to the nature of the quantum field theoretical vacuum.
IV. THE ENTROPY OPERATOR
It is now matter of constructing thermodynamical quantities out of the condensate structure of the entangled vacuum |0 M . By using Eqs. (II.7) and (II.8) one obtains that the number of modes of the type b
and similarly for the modes of typeb
p . Algebraic manipulations allow to recast |0 M in Eq. (III.2) in the form
where S (+) (ǫ) and S (−) (ǫ) are given by
The formulae (IV.2) will be proved in some details in Appendix A. One can easily convince himself that S (σ) (ǫ), σ = ±, is nothing else than the von Neumann entropy
where N is the number of microscopic states. At the origin of this entropy there are the vacuum fluctuations of the quantum states, which have a thermal character for different observers related to the Minkowski observer through a diffeomorphism. By counting the number of occupation states in the vacuum |0 M with the number operator for particles
p , we must subtract those occupation states counted by the operator b
is the number operator for the antiparticles. This accounts for our definitions (IV.3) and (IV.4) of the entropy operators
We note that in terms of the coefficients W n in Eq. (III.8) we have
We emphasize that the operator S (+) (ǫ) = S (+) (ǫ) +S (+) (ǫ) is the sum of the entropy operators for the boson gas of particles and antiparticles in the sector (+), similarly for S (−) (ǫ) in the sector (−). The total entropy operator is given by
and, as the Hamiltonian (II.12), it is the difference of the two operators. The Bogolubov transformations leave S ǫ invariant, [S ǫ , G(ǫ)] = 0, hence S ǫ |0 M = 0. This means that one can arbitrarily choose one of the two sectors, σ = ±, to "measure" the correspondent entropy S (±) (ǫ) relative to the ground state |0 M . Let us work in the sector σ = +. Now we want to show in which sense this entropy is an entanglement entropy. When one computes the vacuum expectation value 0(ǫ)|S (+) (ǫ)|0(ǫ) the result is
which is divergent due to the infinite sum on the momenta k . Nevertheless, if the entropy operator is normal-ordered, the term ln cosh 2 ǫ(Ω) is removed and the expectation value of the entropy vanishes.
Nonetheless with S (+) (ǫ) we have to look at the entropy of the Minkowski vacuum |0 M , and not of |0(ǫ) . The generic observer sees the Minkowski vacuum as an entangled condensate. Such an observer then will measure 0 M |S (+) (ǫ)|0 M . The result of such a "cross measurement" gives
where Eq. (IV.1) has been used. We notice that again there is a divergence due to k , but this time even if one normal-order the expression the result is never zero (cfr. e.g. Sec V). The physical meaning of such occurrence is that the entanglement is dynamically generated via the interaction with the gravitational background, as already observed. The entanglement is only seen if the generic observer measures on the Minkowski vacuum. It is precisely in this sense that we say that the black hole entropy is entirely due to the entanglement.
As already observed, in the V → ∞ limit the generator G(ǫ) does not exist, but the whole structure described above survives. What one loses in that limit is the possibility to generate the mapping between the obsevables and the states of the two frames, the Minkowski and the generic one. In some sense, the "symmetry" in writing
M |0(ǫ) is lost. For the sake of completeness we conclude this Section by noticing that the free-energy can also be introduced [24] 
It is interesting to note that by looking for the values of ǫ(p) making F (+) (ǫ) stationary, and considering negligible variations of β with respect to ǫ one obtains
From Eq. (IV.1), it follows that 11) and similarly for N (+) b
. In this way one consistently recovers the Bose distribution given in (II.11).
V. APPLICATIONS TO THE SCHWARZSCHILD SPACE-TIME
In the setting developed in the previous Sections we shall derive the thermodynamical properties of black holes described by the Schwarzschild geometry
where the space-time is taken to be 4-dimensional. The event horizon is given by r S = 2GM, and the Bekenstein-Hawking temperature (I.2) is T ≃ r −1 S = (2GM) −1 . We want to calculate the finite part of the entropy in Eq. (IV.8) by moving to the continuum limit, taken to be formally identical to the Minkowskian one
where V is the 3-dimensional volume of the whole space-time.
The entropy density is 
which is again divergent, as expected. Such a divergence cannot be removed by means of the normal ordering of the entropy operator, and it can be cured only by introducing a cutoff on the momenta. Following the recipe adopted in quantum gravity we use a cutoff k C of the order of the Planck momentum k C ≃ k P = l −1
Our entropy density is then given by
Being the proper volume in the Schwarzschild geometry
only defined for r > r S , we now have to compute the entropy for the spherical shell of radii r S and r S + δ. The volume of the shell is given by
where h = δ/r S is chosen by requiring the numerical factor of proportionality to be O(1). By choosing the cutoff k C < ∼ k P , we obtain the upper bound for the entropy
Hence the entropy is proportional to the horizon area A of the black hole, and is bounded from above. It is crucial to notice that in our derivation the Hawking effect, T ∼ r −1 S , is the sole responsible for the dependence of the entropy from the superficial degrees of freedom. This is clearly seen from Eq. (V.7). As a matter of fact, there the entropy apparently is proportional to V and, through the entropy density, to T . It is then the occurrence that T ∼ r −1 S the origin of the holographic reduction of the degrees of freedom.
In the Appendix B this analysis will be applied to the Rindler space-time.
VI. CONCLUSIONS
We have studied the microscopic origin of black hole entropy and holography by exploiting the richness of the non-unitary aspects of the quantum field theoretical approach. We have shown that the entanglement between inner and outer particles, with respect to the event horizon, is the microscopic origin of the black hole entropy. This entanglement is very robust due to the non-unitary nature of the mapping between the vacua in the flat and the curved frames.
The holographic reduction of the number of degrees of freedom is recovered in this quantum field theoretical setting. The origin of this phenomenon is the Hawking effect, T ∼ r −1 S , which induces the proportionality of the entropy to the area of the black hole. We therefore conclude that when the gravitational effects are properly included, quantum field theory accounts for a microscopic description of Bekenstein's result.
Our results are obtained assuming a black hole at thermodynamical equilibrium. The approach presented in this paper can be applied to a wide range of problems related to the black hole quantum physics. We shall further exploit this formalism in future works.
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APPENDIX A: Useful Algebraic Relations
In this Appendix we want to derive the expressions (IV.2) and (III.7) for the vacuum |0 M . We first derive a couple of useful relations. Recalling that 
APPENDIX B: The Rindler Space-Time
In this Appendix we apply the formalism developed in Secs. IV and V to the Rindler space-time [6] , corresponding to an observer moving with constant acceleration a. This space-time is described by the line element (see for example [2] This metric covers a portion of Minkowski space-time with x > |t|. The boundary planes are determine by x ± t = 0 [6] . Davies [7] and Unruh [8] have shown that the vacuum state for an inertial observer is a canonical ensemble for the Rindler observer. The temperature T R characterizing this ensemble is related to the acceleration of the observer by the relation
This is the thermalization theorem, in a nutshell (for a review see [9] ). The proper volume is given by 4) where A = dydz is the area of a surface of constant ξ and τ . The entropy density is computed for a cutoff on the momenta k C < ∼ l −1 P , and is given by Thus, also in the Rindler case the entropy is proportional to the area of the event horizon (a result also obtained in Ref. [27, 14] ), and bounded from above. This time the responsible for the holographic reduction of the degrees of freedom is the Unruh effect T ∼ a.
It is worth to note that in the case of Rindler space-time, results are formally equivalent to the Schwarzschild geometry since the surface gravity of the black hole is the gravitational acceleration at radius r measured at the infinity.
